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a b s t r a c t
The specific force equation has many applications in open channel flow problems.
Quantifying of the hydraulic jump phenomenon is an important application of this
equation. This equation has a direct solution only for the rectangular channels. The
trial and error procedure as well as the graphical solution are the existing methods of
solving hydraulic jump equations. No direct solutions are available in technical literature
for sequent depth ratios in horizontal triangular channels because it is presumed that
the governing equation is a quintic equation. In the present study, considering physical
concepts this quintic equation has been reduced to a quartic equation. In the next step,
this quartic equation has been converted to a resolvent cubic equation and two quadratic
equations. This research shows these steps clearly to reach an acceptable physical analytic
solution for sequent depth ratios in horizontal triangular channels.
© 2010 Elsevier Ltd. All rights reserved.
1. Introduction
A hydraulic jump is formed in a channel whenever supercritical flow changes to subcritical flow in a short distance. In
this transition, water surface rises abruptly, surface rollers are formed, intense mixing occurs, air is entrained, and usually
a large amount of energy is dissipated. Therefore, a hydraulic jumpmay be used to dissipate energy, to mix chemicals, or to
act as an aeration device [1].
A hydraulic jumpmay be used in triangular ditch irrigation to raise the downstreamwater surface [2]. The experimental
studies of Argyropoulus (1961) on hydraulic jumps in horizontal triangular channels have shown that the sequent depth
ratio calculated by the specific force equation agrees closely with the experimental data [3]. Thus the specific force equation
may be used to explain the hydraulic jump phenomenon in a triangular channel.
The expression of specific force (hydrostatic force plus inertial force) as a function of water depth is the starting point of
the present work. The specific force equation in a horizontal triangular open channel is made dimensionless, writing it as a
function of the sequent depth ratio and Froude number. The inversion of such a function involves the solution of the quintic
equations. Considering physical concept, this quintic equation can be reduced to a quartic equation. This quartic equation
can be solved using a classical method such as Ferrari’s solution [4–6], but further manipulations based on the algebraic
analysis and physical meaning of some terms make the final result much more friendly to use for design engineers.
2. Sequent depth ratio
The flow depths upstream and downstream of the jump are called sequent depths. An expression for sequent depth ratio
in horizontal channels of regular shapes can be obtained by using the specific force equation as [7].
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Notation
The following symbols are used in this article
A flow area;
F Froude number;
a1, b1, k1,∆1, R1, a2, b2, k2,∆2, R2 parameters for computation of analytical solutions;
Er the relative energy loss;
g gravitational acceleration;
T width of the canal at the water surface;
y flow depth;
yg depth of the center of the area from the water surface;
η sequent depth ratio (=y2/y1);
Subscripts or superscripts
1, 2 pre-jump and post-jump characteristics respectively.
(
A2yg2
A1yg1
− 1
)
= F 21
(
A1
T1yg1
)(
1− A1
A2
)
(1)(
A1yg1
A2yg2
− 1
)
= F 22
(
A2
T2yg2
)(
1− A2
A1
)
(2)
in which A is the area of the cross section; yg is the depth of the center of the area from the water surface; F is the Froude
number and T is the width of the channel at the water surface. The subscripts 1 and 2 denote the pre-jump and post-jump
characteristics respectively. Substituting the expression for A, T and yg pertinent to the given geometry will lead to an
equation relating the sequent depth ratio to the inlet or outlet Froude number and other geometry of the channel. In most
non-rectangular channels the sequent depth ratio needs a trial and error procedure to compute it. In triangular channels
Eqs. (1) and (2) take the form(
y2
y1
)3
− 1 = 3
2
F 21
(
1−
(
y1
y2
)2)
(3)
(
y1
y2
)3
− 1 = 3
2
F 22
(
1−
(
y2
y1
)2)
(4)
in which F1 and F2 are pre-jump and post-jump Froude numbers respectively, also y1 and y2 are pre-jump and post-jump
depths respectively. Applying η = y2/y1 (η ≥ 1) into Eqs. (3) and (4) one gets
η3 − 1 = 3
2
F 21
(
1− 1
η2
)
(5)
1
η3
− 1 = 3
2
F 22 (1− η2). (6)
Eqs. (5) and (6) can be rearranged as follows
(η − 1)
(
η4 + η3 + η2 − 3
2
F 21 η −
3
2
F 21
)
= 0 (7)
(η − 1)
(
η4 + η3 − 2
3F 22
η2 − 2
3F 22
η − 2
3F 22
)
= 0. (8)
Eqs. (7) and (8) will be satisfied if each factor of them is zero. The first factor of them cannot be zero, because in this case
η = 1 is a solution for any Froude number and the solution has no physical meaning. Thus the governing equations of the
sequent depth ratio are as follows
η4 + η3 + η2 − 3
2
F 21 η −
3
2
F 21 = 0 (9)
η4 + η3 − 2
3F 22
η2 − 2
3F 22
η − 2
3F 22
= 0. (10)
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It is important to note that η = 1 is a solution of Eqs. (9) and (10) only for critical flow conditions (F1 = F2 = 1) and is not
a solution for any Froude number.
3. Proposed solution for known pre-jump conditions (a specified F1)
To solve Eq. (9), consider a1, b1 and k1 such that
η4 + η3 + η2 − 3
2
F 21 η −
3
2
F 21 + (a1η + b1)2 ≡
(
η2 + 1
2
η + k1
)2
. (11)
Equating the coefficient of like powers of η on both sides of Eq. (11) leads to the following relations
a21 + 1 =
1
4
+ 2k1 (12)
2a1b1 − 32F
2
1 = k1 (13)
b21 −
3
2
F 21 = k21. (14)
Solving the three simultaneous equations for a1, b1 and k1 leads to the following cubic equation for k1
k31 −
1
2
k21 +
9
8
F 21 k1 −
9
32
(2F 21 + F 41 ) = 0. (15)
Therefore the solution of a quartic equation can be reduced to the solution of a cubic equation. The discriminant of the
Eq. (15) is positive, thus one root is real and two roots are complex. The real root of the Eq. (15) is as follows
k1 = 3
√
R1 +
√
∆1 + 3
√
R1 −
√
∆1 + 16 (16a)
in which
R1 = (3F
2
1 + 2)2
64
− 25
432
(16b)
∆1 = R21 +
(
3
8
F 21 −
1
36
)3
. (16c)
It is important to note that in Eq. (16a) cubic root of a real negative number must be chosen as a negative real number, not
a complex number. Substituting k1 into Eqs. (12) and (14) gives a1 and b1 as the following
a1 =
√
2k1 − 34 (17)
b1 =
√
k21 +
3
2
F 21 . (18)
Combining Eqs. (9) and (11) yields the following equation in which both sides are perfect squares.(
η2 + 1
2
η + k1
)2
= (a1η + b1)2. (19)
Taking one square root of Eq. (19) gives the following two quadratic equations
η2 + 1
2
η + k1 = a1η + b1 (20)
η2 + 1
2
η + k1 = −a1η − b1. (21)
Four roots of Eq. (9) are then obtained pair wise from solutions of the two quadratic equations (Eqs. (20) and (21)) as follows
η1 = 12
(
a1 − 12
)
+ 1
2
√(
a1 − 12
)2
− 4(k1 − b1) (22a)
η2 = 12
(
a1 − 12
)
− 1
2
√(
a1 − 12
)2
− 4(k1 − b1) (22b)
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Table 1
Calculation steps of sequent depth ratio.
Analytical solution for known pre-jump conditions Analytical solution for known post-jump conditions
η4 + η3 + η2 − 32 F 21 η − 32 F 21 = 0 η4 + η3 − 23F22 η
2 − 2
3F22
η − 2
3F22
= 0
R1 = (3F
2
1+2)2
64 − 25432 R2 =
(3F22+2)2
64 − 25432
∆1 = R21 +
( 3
8 F
2
1 − 136
)3
∆2 = R22 +
( 3
8 F
2
2 − 136
)3
k1 = 3
√
R1 +√∆1 + 3
√
R1 −√∆1 + 16 k2 = 3
√
R2 +√∆2 + 3
√
R2 −√∆2 + 16
a1 =
√
2k1 − 34 , b1 =
√
k21 + 32 F 21 a2 =
√
2k2 − 34 , b2 =
√
k22 + 32 F 22
η = 12
(
a1 − 12
)+ 12√(a1 − 12 )2 − 4(k1 − b1) η = ( 12 (a2 − 12 )+ 12√(a2 − 12 )2 − 4(k2 − b2))−1
η3 = −12
(
a1 + 12
)
+ 1
2
√(
a1 + 12
)2
− 4(k1 + b1) (22c)
η4 = −12
(
a1 + 12
)
− 1
2
√(
a1 + 12
)2
− 4(k1 + b1). (22d)
From Eq. (18) it is deduced that k1 − b1 < 0, thus the only positive root and physically meaningful solution is η1. Therefore
η = 1
2
(
a1 − 12
)
+ 1
2
√(
a1 − 12
)2
− 4(k1 − b1). (22)
4. Proposed solution for known post-jump conditions (a specified F2)
It is interesting to note that the solution of Eq. (9), that is, Eq. (22) can be used to obtain the solution of Eq. (10). By
multiplying Eq. (10) by 3F 22 /2 and changing η to 1/η, one obtains Eq. (9) in which F1 = F2. Thus solution of Eq. (10) is 1/η
in Eq. (22) with F1 replaced by F2. In this case, the solution will be as follows
η =
1
2
(
a2 − 12
)
+ 1
2
√(
a2 − 12
)2
− 4(k2 − b2)
−1 . (23)
The calculation steps of sequent depth ratio for two mentioned cases are summarized in Table 1.
5. Summary and further consideration
Eqs. (22) and (23) are graphed in Fig. 1 as a function of F1 and F2 respectively. As can be seen, the sequent depth
ratio increases with a decreasing of F2 or an increasing of F1. This ratio is equal to one in critical flow conditions, that is,
F1 = F2 = 1.
After determining the sequent depth ratio, the energy loss due to a jump in a horizontal triangular channel can be
calculated as [7]
Er = 4(1− η)+ F
2
1 (1− η−4)
4+ F 21
(24)
in which Er is the relative energy loss and indicates the ratio of the energy loss of the jump to the available upstream energy.
6. Practical example
The use of the solutions is illustrated by the following example.
Example. A hydraulic jump takes place in a horizontal triangular channel. The Froude number before the jump is 6.5.
Calculate the relative energy loss.
Solution.
Using Table 1 and Eq. (24), the calculation steps are as follows
F1 = 6.5,
R1 = 258.95,
∆1 = 71011.86,
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Fig. 1. Sequent depth ratio, η, graphs in terms of F1 and F2 .
k1 = 6.28,
a1 = 3.44,
b1 = 10.14,
η = 3.92 and finally Er = 65.7%.
7. Conclusion
The concept of the specific force is extremely useful in the solution ofmany problems in open channel flow. This research
presents an analytical solution of the specific force equation for the sequent depth ratio in horizontal triangular channels.
In such a case, the sequent depth ratio equation is a quintic equation. This quintic equation is reduced to a quartic equation
then this quartic equation is converted to a resolvent cubic equation and two quadratic equations. This research shows these
steps clearly to reach an acceptable physically meaningful solution.
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